International Journal of Research in Science advanced Technology and
management studies (IJRSTMS)

ISSN: 2459-425X e Website: www.ijrstms.com

Some Characteristic of & —Fuzzy Orders Relative to ¢ —Fuzzy
Subgroups , Normal Subgroup and a —Fuzzy Cyclic Group

Dr Thomas Feldman
Assistant Professor, PG and Research Department of Mathematics, Jamal Mohamed College
(Autonomous), (Affiliated to Bharathidasan University), Tiruchirappalli-620020, Tamilnadu, India.

ABSTRACT

In this communication of the paper depicted the @« — FOs of a group and then explain the idea of
a— FSG and —FNSG . More over , we generalized @ — FOs relative to a —cyclic group and investigate
some characteristic of related algebraic results.
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1. INTRODUCTION

Zadeh L API explored the new idea of fuzzy subsets of a nonempty set in 1965. Abou-Zaid SM
Jintroduced the characteristic fuzzy subgroups of a finite group in 1991. Rosenfeld Al8l, explored the
new concept of fuzzy groups in 1971. In 1984, Fuzzy Normal subgroups and fuzzy cosets derived from
Mukherjee N P and Bhattacharya PUl. Liu W JB1, described the new idea of fuzzy invariant subgroups
and fuzzy ideals in 1982. In 1994, introduced the new notion of fuzzy orders relative to fuzzy subgroups
by Jae-Gyeom Kim®l, In 1981, produced the new concept of fuzzy groups and level subgroups in Das P
SI. Asaad ME!, developed the new idea in groups and fuzzy subgroups in 1991. In 1988, Some properties
of fuzzy groups in explored from the idea is Akgul M.,

In this research paper arranged as that, section 2 basic fundamental elementary definition and
related the results which are through this research article. In section 3, we have define a —fuzzy orders
with respect to the a —fuzzy subgroups and o —fuzzy normal subgroups described the some algebraic
characteristic results and section 4, we will be introduced the a —fuzzy orders with respect to the o
—fuzzy cyclic group and their some generalization results explained.

2. PRELIMINARIES
Definition: 2.1[9]

Let X be a non-empty set . A FSb of the set X is a mapping p : X— [0, 1]. Definition:
2.2[8]
Let G beagroup. AFSb uof Gisa FSG of G if

(i) u(xy) = min{u(x), p(y)}

(i) ulx—H) = u(x), forall x, y € G.

(iii) From this definition, we clearly have u(x—1) = u(x), for all x, y € G.
Definition: 2.3[6]

Let G be a group. A FSG p of G is normal ( Invariant) in G if u(xy) = u(yx) forall x, y € G.
Theorem: 2.4[8]
Let G be a group and let u be a FSG of G. Then

(i) u(x) < u(e), forall x,y € G.
(i) ifu(xy=1) = p(e), then u(x) = u(y)
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Theorem: 2.5 [7]

Let G be a group and let u be a FSG of G. Then p is normal in G if and only if u(y—1xy) = u(x),
forall x,y € G.

Theorem: 2.6 [4]

Let G be a cyclic group of order p», where p is a prime number. If u is a FSG of G, then for all x, y € G.

() IfO(x) > 0(y), then p(x) < u(y).
(i) If 0(x) = 0(y), then u(x) = u(y).

Theorem: 2.7 [2]

Let G be a finite group and let i be a FSG of G. Then

(i) u(xk) = u(x) for any integer K and for all x € G.
(i) If 0(x)/0(y), then u(y) < u(x) for x, y € {(Z), where z € G.
(iii) If (0(x), K) =1, then u(xk) = u(x), wherek € Z and x € G.
Theorem: 2.8
Let G be agroup. For x, y, z € G, we have
(i) If xm = e, then O(x)/m, where m € Z.

(i) 0(x™) = 0(x)/(0(x), m), where m € Z.

(iii) If (0(x),0(y)) =1and xy = yx, then 0(xy) = 0(x) X 0(y).

(iv) If z=y~1xy, then 0(z) = 0(x).

(v) If 0(z) = mn with (m, n) =1, then z = xy = yx for some x, y € G with 0(x) = m and
0(y) = n. Further, such an expression for z is unique.

Definition: 2.9 [6]

Let u be a FSG of a group G. For a given x € G, the least positive integer n such that u(x™) = u(e) is
the FO of x with respect to u [briefly, FO.(x)]. If no such n exists, x is of infinite FO with respect to u.

3. SOME CHARACTERISTIC OF a — FOs RELATIVETO a —

FSG

Definition: 3.1

Let A« be a a« — FSG of a group G. For a given 6 € G, the least positive integer n such that
Ax(6") = Ae(e) is the a — FO of 6 with respect to A« [briefly, FO4«(8)]. If no such n exists, 8 is of
infinite @« — FO with respect to A«

~ 0(6) and O(¢) does not imply that of FO4.(8) and FO0«(¢),
Example: 3.1.1
Let G = {a, b/a?= b?= (ab)?= e} be the Klein four-group. Define a « — FSG A« of G by A2(e) =

A*(ab) = t, and A%(a) = A«(b) = t1, where t, > t1. Clearly, 0(a) = 0(ab) =2, but
FOua«(a) =2 and FOa«(ab) = 1.
Proposition: 3.2

Let A2 be a a — FSG of a group G. For 8 € G, if A2(6™) = A«(e) for some integer m, then
F04«(8)/m. Proof:
Let FO4«(0) =n.If Jintegers sandt: m = ns +t, where 0 < t < n, Then, A«
(6°) = A*(o™") = A*(0™(6™) %)= min{A“(8™), A“((6™) ™)}
>min{A“(e), A*(6™)} = min{A“(e), A%(e)} = A" (e),
Hence t = 0, by the choice of n. If 0(8) is finite then FO4.(8) is clearly finite for all @ _ FSG A< of G.
If 0(8) is infinite, then for each positive integer n, 3a @ —FSG A% of G : FO4n(8) =n as follows.
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Example: 3.2.1
Let 8 be an element of infinite order in the group G. For each positive integer n, define the

€
a—FSG Aan of G by Aan(®) = {tto if perwise(On),
1 oth
Where t, > t1. Clearly, FO4an(0) = 1. n
Corollary: 3.2.2
Let A*beaa — FSG ofagroup G. Then FO4(6)/ 0(6) for all 6€ G.
Proposition: 3.3
Let A*beaa — FSG ofagroup G, and let 6 and ¢ be elements of G :
(F0O4a(80), FO4a()) =1 and 0 = 0. If A2(0¢) = A*(e), then A2(0) = Ax(¢p) = A%(e). Proof:
Let FO4«(6) = n and FO«(¢) = m. Then Ae(e) = A“(0p) < A*((69)™) = A% (gmgm),
Thus A«(0™) = A2(p™)=A2(e). Therefore, n/m, by pro.. (3.2).
But (n,m) =1.Thusn =1, i.e., A%(0) = A%(e).
Hence A*(¢) = A2(0) = A%(e). ]
Within the proposition, although A« is normal, the belief 8¢ = @8 may not be omitted . Corollary:
331
Let Abeaa_ FSG of agroup G, and let 8 and ¢ be elements of G such that
(0(6), 0(p)) =1 and 8 = 90, If A(89) = A%(e), then A«(6) = A* (y)=A%(e),

Neither the assumption (FO(6), FoulP) =15 pro...(3.3) nor the assumption
(0(6), 0(9)) = 1 in corollary 3.3.1 can be omitted. In fact, in example 3.1.1 A“(a) = A*(b) #
A%(€), but FO4e(@)=FOu(b) = 0(a) = O(b) = 2. n
Theorem: 3.4
Let A2 be a a« — FSG of a group G. Let FO4«(0) = n, where 6€ G. If m is an integer with
d = (m, n), then FO4«(6™) = n/d. Proof:
Let FO4.(6™) = t. First we have

A«((6™)2) = A“(0™) for some integer k
= A"(8") = A%(e),
Thus t/n/d by pro..(3.2). Because d = (m,n),3 integer i and j: M+ mMj = d
We the have
A0°1) = AT(0°™) = A% g, iy
> minfA“((6™)), A“((6™))))}
>minlA“(0™), A“((6™)")}
=min{A®(e), A%(e)} = A%(e),
This implies that n/td i.e., n/d/t. Consequently , t =n/d. [ ]
Proposition: 3.5
Let A2beaa — FSG G. Let FO4.(6) =n, where € G. If m is an integer with (n, m) = 1, then A«(6™)
= A«(6).
Proof:
Because (,m) = 1, Jintegers s and t : ns + mt = 1.
We then have
Aa(g) — Aa(ensﬂnt) — Aa((en)s)(em)r))
> min{A®(0™)°), A“(6™)")}
> minfA"(6™), A“(6™)}
= min{A“(e), A*(6™)}
= A%(0™) = A“(9), "
Theorem: 3.6
Let A” be a @ — FSG of a group G. Let FO.4«(0) = n, where 6€ G. If i = Jj(mod n), where
i, JEZ, then FO4«(0Y) = FO«(6/). Proof:
Let FO4«(6") =t and FO«(6/) = s. By the assumption, i = j + nk for some integer K.

Now, A*((6)) = A*((8/+74)%) = A« ((61)°(6™)*))
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= min{A«(6/)%), A*(6)*)}
> min{A(e), A*(6")}
=min{A(e), A*(e)},
And so t/s. Similarly, s/t. Thus we have t = s. [
Theorem: 3.7

Let A=beaa — FSG of agroup G, and let 8 and ¢ be elements of G : 8¢ = @8 and

(FO4a(6), FO4a(9)) = 1. Then FO4«(6¢) = FOa«(0) X FOaa(¢). Proof:
Let FO4«(8¢9) =n, FO4:(0) = s and FOax(@) = t.
Then Aa((HQD)st) = Aa(est(pst)
= min{A«((6°)%), A*((9)°)}

2 min{A*(6), A*(¢9} =
min{A®(e), A%(e)} = A2(e). Thus n/st ,Now A%(e) = A2((0p)") =
A (Onpn). Besides, (FO4a(6m), FOa«(™) =1.
& A2(0n) = A2(¢p™) = A%(e) both s and t divide n .
~ st/n, because (s,t) =1 =n=st. ]
Corollary: 3.7.1

Let A2be aa — FSG of agroup G, and let 8 and ¢ be elements of G : B¢ = @8 and (0(0), 0(p)) = 1.

Then FO«(89) = FO4«(8) X FOau(p).

*» supposing A« is normal subgroup, the assumption 8¢ = @6 may not be omitted.
Example: 3.7.2
Define a @« — FNSG A« of the symmetric group Ss

Ac(8) ={toif O =¢,
t1 otherwise,
Where to > t1. Now, let 8 = (1 2) and ¢ = (2 3 4). Then FO4«(6) =2, FOx«(¢) =3,
FO4a(6¢) = FOu(98) =4, and O¢ + ¢8b. [ ]
Theorem: 3.8

Let Abe a a — FSG of agroup G. For z € G, if FO4«(2) =nm with (n,m) =1,then3 fand @ inG : z
= 0¢ = 0, FO41(6) = m and FOae«(¢p) = n. Furthermore explain for z is unique in the sense of «

—fuzzy grades, i.e., if (6, ) and (61, ¢1) are such pairs, then A«(6) = A%(61) and
A*(¢) = A*(¢p1). Proof

Because (m,n) =1, Jintegers s and t : ms + nt = 1.
Here (m,t) = (n,s) =1.Let 6 =zt and ¢ = z™s. Then Z = 6¢ = @6, and by theorem 3.4,
F04a(0) = FO4«(Z"t) = m and FOa«(@) = FOa«(Z™s) = n. This proves the existence of 6 and ¢. Let
(6, p) and (61, @1) be pairs satisfied. since FO4«(0) = FO4«(81) = m and FOsa(@) = FOau(p1) =
n, =>Aa(9) = Aa(@l—ms) = Aa(@nt) = Aa(@nt(pnt) = Aa((@(p)nt)

= Aa((gl(pl)nt) = Aa(@lnt(ﬂlnt)zAa(elnt)
= Aa(ell—ms) = Aa(gl).

Similarly, A2(¢@) = A*(¢p1).
This proves the uniqueness of (9, ¢). [
Theorem: 3.9

Let A=bea a — FNSG of a group G. Then FO4«(8) = FO4a(p~10¢) for all 6, ¢ € G. Proof:
Let 6, ¢ € G, then we have A2(0") = A2(p~10"p) = A*((p~10¢)") foralln € Z.

Thus FO4«(0) = FO4«(p~10). ]
~ A« is not normal in G.
Example: 3.9.1
Let Ds={a, b/a®= b3 = e, ba = a?b} be the group with 6 elements. Definea a — FSG A* of
D3 by
Aa(0) ={toif 6 €(b),
t1 otherwise
Where to > t1. Then a~1ha € (b), and S0 FO4«(b) = 1 # FOa«(a~1ha). |
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4. ALGEBRAIC PROPERTIESOF a — FOs INACYCLIC
GROUP

Lemma: 4.1
Let A= be a a — FSG of a cyclic group G and let a and b be any two generators of G. Then
FOa«(a) = FOa«(b). Proof
We have apply for Theroem..(3.4).
Theorem: 4.2
Let A« be a @ — FSG of a cyclic group G of finite order n. Then, V 0, ¢ € G;
(i) If 0(8) = 0(¢), then FOax(6) = FOua(ep). (ii) If
0(6)/0(p), then FO4«(0)/FOac().
(iii) If 0(8) > 0(¢), then FO4«(0) = FOa«(¢p).
Proof
Let G ={(a). Let 8 = as, ¢ = at, and FO4e«(a) = m.
m is a specific generator a of G.
Then 0(0) =n/(s, n), FO4«(0) = m/(s, m), FOa«(¢) = m/(t, m) and m/n, (i)
Follows from (ii).
(i) If 0(6)/0(¢), then (t,n)/(s,n), and so (t, m)/(s, m), because m/n. Thus FO1«(6)/

FO ().
(iii) If 0(6) > 0(¢p), the (s,n) < (¢t, n), and so (s, m) < (t, m), because m/n. Thus
FOaa(0) = FOsa(gp). [ ]
Theorem: 4.3
Let A« be a @ — FSG of a cyclic group G of finite order. Then, V 8, ¢ € G:
(i) If FO42(0) = FOu4e(), then A%(0) = A2(p).
(i) If FO4«(6)/FO0a«(@), then A2(0) = A2(¢p). Proof

Let G =(a). Let 8 = as, ¢ = at, and FOu4«(a) = m.
m is a specific generator a of G.
Then FO4«(0) = m/(s, m) and FOa«(¢) = m/(t, m),
Let s = h(s,m), t = i(t, m) and m = j(t, m) = k(s, m) for some h, i, j, k € Z.
If FOA«(0)/FO0a«(¢), then (t, m)/(s, m). So t/si = h(s, m)i and m/sj = h(s, m)j,
= A%(0) = A¢(a%)

= A2(as(v+w)) for some u, w € Z, since (i,j) =1

= Aa(asivasjw) = min{Aa(asiv), Aa(asjw)}
> min{A«(at), A*(a™)} = min{A*(p), A*(e)} = A*(¢p). [

Corollary: 4.3.1

Let A« be a a« — FSG of a cyclic group G of finite order. Then, V 6, ¢ € G:
() If 0(6) = 0(¢p), then A%(0) = A(¢p).
(i) If 0(6)/0(¢p), then A2(6) = A%(yp). ]
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