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ABSTRACT

In this paper, the concept of pairwise fuzzy F-Spaces is introduced and studied. Several characterizations of
pairwise fuzzy F-Spaces are established.
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1. INTRODUCTION

In order to deal with uncertainties, the notions of fuzzy sets and fuzzy set operations
were introduced by L.A.Zadeh [18] in his classical paper in the year 1965, describing fuzziness
mathematically for the first time. In 1968, C.L.Chang [4] defined fuzzy topological spaces by
using fuzzy sets. In 1989, A.Kandil [2] introduced and studied fuzzy bitopological spaces as
a natural generalization of fuzzy topological spaces.

In classical topology, F' - Spaces were introduced by Leonard Gillman and Melvin Henrilsen
[8], in which disjoint cozero-sets have disjoint closures. Motivated on these lines, the concept of
pairwise fuzzy F-space is introduced in this paper. Several characterizations of pairwise fuzzy
F -Spaces are established.

2. PRELIMINARIES

In a fuzzy bitopological space (Kandil, 1989) we mean an ordered triple (X,T1,T2), where T,
and T are fuzzy topologies on the non-empty set X. Let X be a non-empty set and I be the unit interval
[0,1]. A fuzzy set A in X is a mapping from X into L.

Definition 2.1. [10] A fuzzy set A in a fuzzy bitopological space (X,T1,T2) is called a pairwise fuzzy
open set if A € Ti (i =1, 2). The complement of pairwise fuzzy open set in (X,T1,T2) is called a pairwise

fuzzy closed set.

Lemma 2.1. [2] For a fuzzy set A in a fuzzy topological space X,
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()1 —intA)=cl(1-1), (i) 1 —cl(h)=int(1 — ).

Definition 2.2.[10] A fuzzy set A in a fuzzy bitopological space (X,T1,T2) is called a pairwise fuzzy
Gs-set if A= A°(X), where (L )’s are pairwise fuzzy open sets in (X,T ;T ).

Definition 2.3. [10] A fuzzy set A in a fuzzy bitopological space (X,T1,T2) is called a pairwise fuzzy
Fo-setif A=V _°(X), where (A)’s are pairwise fuzzy closed sets in (X,T ;T ).

Definition 2.4. [9] A fuzzy set A in a fuzzy bitopological space (X,T1,T2) is called a pairwise fuzzy
dense set if clri clr2 (A) = clr2 clri () = 1, in (X, T1,T2).

Definition 2.5 [12]. A fuzzy set A in a fuzzy bitopological space (X,T1,T>) is called a pairwise fuzzy
nowhere dense set if intr; clr2(X) = intt2 clt1 (A) = 0, in (X, T1,T2).

Definition 2.6. [10] A fuzzy set A in a fuzzy bitopological space (X,T1,T>) is called a pairwise fuzzy
o -nowhere dense set if A is a pairwise fuzzy Fs-set in (X,T1,T2) such that intriintt2(A) = intr2 intti(A)
=0.

Definition 2.7.[12] Let (X,T;,T2) be a fuzzy bitopological space. A fuzzy set A in
(X,T1,T2) is called a pairwise fuzzy first category set if A=V ” (Ay), where (Ay)’s are pairwise fuzzy
nowhere dense sets in (X,T1,T2). Any other fuzzy set in (X,T1,T2) is said to be a pairwise fuzzy second
category set in (X,T1,T2).

Definition 2.8. [12] If A is a pairwise fuzzy first category set in a fuzzy bitopological space (X,T1,T2),
then the fuzzy set 1 — A is called a pairwise fuzzy residual set in (X,T1,T>).

Definition 2.9 A fuzzy set A in a fuzzy bitopological space (X,Ti,T2)is called a

(i) Pairwise fuzzy semi-open set if A< C]'Ti iIlTTj A) (i£j, and 1,j=1,2) [7].
(i1) Pairwise fuzzy semi-closed set if 1111:,1-_l cl—rj (M) £ A (14, and 1,j=1,2) [7].

(iii) Pairwise fuzzy pre-openset if A < intricly(A) (i#], and i,j=1,2) [7].
(iv) Pairwise fuzzy pre-closed set if clyintrj(A) < A ( i#), and i,j=1,2) [7].

Definition 2.10 A fuzzy set A in a fuzzy bitopological space (X,Ti,T2) is called
(i) Pairwise fuzzy regular open set if ltlt-[-‘_ C]'Tz A)=r= 1111;1-2 C]T: ) [3].
(i) Pairwise fuzzy regular closed set if C],T: inty (M) =1= l::],T1 intr (V) [3].
Definition 2.11. [13] A fuzzy bitopological space (X, Ti, T2) is called a pairwise fuzzy submaximal

space if each pairwise fuzzy dense set in (X, T1, T2), is a pairwise fuzzy open set in (X, T1, T2). That is.,
if A is a pairwise fuzzy dense set in a fuzzy bitopological space (X, T1, T2), then A€ Ti(i =1, 2).

Definition 2.12.[17] A fuzzy bitopological  space (X,Ti,T2) is called a pairwise fuzzy
globally disconnected space if each pairwise fuzzy semi-open set is a pairwise fuzzy
open set in(X,T1,T2). That is, if A < ¢l T intTj(k) (i #j and ij = 1,2), for afuzzy set A

defined on X in a fuzzy bitopological space ( X,Ti,T2), then A ETi(i=1,2).

Theorem 2.1 [13]: If A is a pairwise fuzzy pseudo-open set in a pairwise fuzzy submaximal

space (X,T1,T2), then A = p Vv 9§, where p is a pairwise fuzzy open set and A is a pairwise
fuzzy Fos-set in (X,T1,T2).

Theorem 2.2 [15]: If A is a pairwise fuzzy o-boundary set in a pairwise fuzzy topological
space (X,T1,T2), A is a pairwise fuzzy Fs-set in (X,T1,T2).

Theorem 2.3 [17]: If A is a pairwise fuzzy first category set in a pairwise fuzzy globally
disconnected space (X,T1,T2), then A is a pairwise fuzzy Fs-set in (X,T1,T2).
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Theorem 2.4 [11]:
(a). The closure of a pairwise fuzzy open set is a pairwise fuzzy regular closed set, and

(b). the interior of a pairwise fuzzy closed set is a pairwise fuzzy regular open set.

3. PAIRWISE FUZZY F - SPACES

Definition 3.1: A fuzzy bitopologicalspace (X, Ti, T2) is called a pairwise fuzzy F- space if
A <1 — pu, where A and p are pairwise fuzzy Fs -sets in (X,T1,T2), then cln(}) < 1—clmi(n),
(i=1,2), in (X,T1,T2).

Proposition 3.1: If A+ p <1, for any two pairwise fuzzy Fs -sets A and p in a pairwise
fuzzy F- space (X,T1,T2), then clri(}) + clni(n) <1, in (X, T1,T2).

Proof.

Suppose that A + p < 1, where A and p are pairwise fuzzy Fs -sets in a pairwise fuzzy
F-space (X,T1,T2). Then A < 1 — p, in (X,T,T2). Since (X,T1,T2) is a pairwise fuzzy
F- space, clri(x) < 1 — clni(p) in (X,T1,T2) and then cli(A) + clri(pn) <1, in (X, T1,T2).

Proposition 3.2: If o and n are any two pairwise fuzzy Gs -sets such that | — 1 <3 in a
pairwise fuzzy F -space, then

(1). 1 —intri(n) < intri(8), in (X,T1,T2).
(i)). 1 = < inti(8), in (X, T4,T2).

Proof.

(1). Let 6 and m be any two pairwise fuzzy Gs -sets in (X, T, T2). Such that 1 —n <.
Now I =6 <1—-(1 —mn) in (XT,T2), where 1 — & and 1 — m are pairwise fuzzy
Fs - sets in (X,T1,T2). Since (X,T1,T2) is a pairwise fuzzy F - space, clri(l — 8) < 1 — clri(l — n)
in (X,T1,T2). Then 1 — intri(d) < 1 — [1 — intri(n)] and then 1 — intri() < intri(n),in (X, T1,T2).
Hence 1 —intri(n) < intri(d), in (X,T1,T2).

(i)). By (1), I —intri(n) < int1i(d) in (X,T1,T2). Now 1 —n <1 — intti(n) implies that
1 —n <intri(d), in (X,T1,T2).

Proposition 3.3: If (X,T1,T2) is a pairwise fuzzy F'- space and A < 1 — p for any two non-zero
pairwise fuzzy Fs - sets A and p in (X,T1,T2), then A and p are not pairwise fuzzy dense sets in
(X,T1,T2).

Proof.

Suppose that A < 1 — p for any two non-zero pairwise fuzzy Fs - sets A and p in
(X,T1,T2). Since (X,T1,T2) is a pairwise fuzzy F- space, clri(d) < 1 — clri(p) in (X,T1,T2). If
clti(A) = 1 then 1 < 1 — clti(p) implies that clri(n) < 0. That is., clti(p) = 0 in (X,T1,T2). This
will imply that p = 0 a contradiction to p # 0. If clti(p) = 1 then clti(A) <1 — 1 = 0. That is.,
clti(A) = 0 in (X,T1,T2). This will imply that A = 0, a contradiction to A # 0. Thus, clti(A) # 1
and clti(p) # 1 in (X, T1,T2). Hence A and p are not pairwise fuzzy dense sets in (X, T1,T2).

Proposition 3.4: If A <1 — p for any two pairwise fuzzy Fs -sets in a pairwise fuzzy F- space
(X,T1,T2), then

(). A +clni(p) <1, in (X, T1,T2).

@i). p+clnd) <1, in (X, T1,T2).
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Proof.

Suppose that A < 1—p, where A and p are pairwise fuzzy Fs — sets in (X, T1, T2). Since
(X,T1,T2) is a pairwise fuzzy F-space, clri(d) < 1 — clri(u) in (X,T1,T2). Now 1 — clni(p) <
1 — pand A <clri()) implies that A <clmi(A) <1 —clri(p) <1 —p in (X,T1,T2). Then

(1). A +clri(p) <1, in (X,T1,T2) and
(i1). p+clni(d) <1, in (X, T1,T2).

Proposition 3.5: If (X, T1,T>) is a pairwise fuzzy F- space in which each pairwise fuzzy open
set is a pairwise fuzzy Fs - set, then for a fuzzy set A defined on X, clrjintti(A) < intriclti(A), in
(X,T1,T2).

Proof.

Let A be a fuzzy set in (X,T1,T2). Then intri(A) < clri(}) implies that intti(A) < 1 — [1
—clri(A)] in (X, T1,T2). Since, intti(A) and 1 — clti(A) are pairwise fuzzy open sets in (X,T1,T2), by
hypothesis, intri(A) and 1 — clri(A) are pairwise fuzzy Fs -sets in (X,T1,T2). Since (X, T1,T2) is a
pairwise fuzzy F- space, clnintri(A) < 1 — clni[1—clti(})] in (X,T1,T2). Then, clrintti(A) < 1 —
[1 —intriclti(})] and thus clrintri(A) < intricln(}), in (X,T1,T2).

Proposition 3.6: If (X,T1,T2) is a pairwise fuzzy F- space and A < 1 —p, where Aand p
are pairwise fuzzy c-nowhere dense sets in (X,T1,T2), then clri(A)<1- clti(n), where intti(A) = 0;
clrid) # 1 and intri(p) = 0; clti(n) # 1, in (X, T1,T2).

Proof.

Suppose that A <1 — u, for any two pairwise fuzzy ¢ —nowhere dense sets A and p in
(X,T1,T2). Then A and p are pairwise fuzzy Fs-sets in (X,T1,T2). Such that intri(A) = 0 and
intri(p) = 0 in (X,T1,T2). Since (X,T1,T>) is a pairwise fuzzy F- space, clti(A) < 1 - clri(n) in
(X,T1,T2). By Proposition 3.3, A and p are not pairwise fuzzy dense sets in (X,T1,T2).
Thus clti(A) < 1 - clri(n), where intti(A) = 0; clti(A) # 1 and intri(p) = 0; clri(n) # 1, in
(X,T1,T2).

Proposition 3.7: If A is a pairwise fuzzy pseudo-open set in a pairwise fuzzy submaximal
space (X,T1,T2), then there exists pairwise fuzzy Fs - set n in (X,T1,T2). S uch that A > 7, in
(X,T1,T2).

Proof.

Let A be a pairwise fuzzy pseudo-open set in a pairwise fuzzy submaximal space

(X,T1,T2). Then, by Theorem 2.1, A = p VvV m, where p € Ti and n is a pairwise fuzzy Fs - set in
(X,T1,T2). This implies that A >, in (X,T1,T2).

Proposition 3.8: If A < 1 — p, for any two pairwise fuzzy pseudo-open sets in a pairwise fuzzy
submaximal and pairwise fuzzy F- space (X,Ti,T2), then there exists a pairwise fuzzy Fs - sets
a and B in (X,T1,T2). Such that

(1). clri(a) <1 —intri(B), in (X, T1,T2).
(i1). a <clti(A) <1 —intri(p) <1 —B, in (X, T1,T2).

Proof.

Suppose that A < 1 — p, where A and p are pairwise fuzzy pseudo open sets in
(X,T1,T2). Since (X,T1,T2) is a pairwise fuzzy submaximal space, for the pairwise fuzzy pseudo
opensets A and p, there exist pairwise fuzzy Fs - sets o and f in (X,T1,T2), such that & < A and B
< p.Then,a <A <1 —-—p <1 - and thus o < 1 - in (X,T1,T2). Since (X,T1,T2) is a
pairwise fuzzy F- space, clri(a) < l-cln(B) in (X,T1,T2). Now o < A implies that clri(o)
< clti(A), in (X,T1,T2) and then a < clti(A). Also A < 1 — p implies that clri(A) < cli(1 — p) and
then clti(A) < 1 — intti(n). Now B < p implies that intti(B) < intri(p) and then 1 — intri(f) > 1 —
intri(p). Thus o <cln(}d) <1 —intri(p) <1 —intr() <1 —P, in (X,T1,T2). Thus, we have

(). clr(a) <1 —intr(B), in (X, T1,T2).
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@ii). @ <cln(h) <1 —intri(p) <1 —B, in (X, T1,T2).

Proposition 3.9: If A > p, where A= 0) is a pairwise fuzzy Gs -set and p is a pairwise
fuzzy Fs -set in a pairwise fuzzy F -space (X,T1,T2), then there exists pairwise fuzzy open set &
in (X,T1,T2)such that clri(p) < & <clti(A) in (X,T1,T2).

Proof.

Suppose that A > p, where A(= 0) is a pairwise fuzzy Gs -set and p is a pairwise
fuzzy Fs -setin (X,T1,T2). Then (1 —A)<1—p and 1 —A and p are pairwise fuzzy Fs —sets in
(X,T1,T2). Since (X,T1,T2) is a pairwise fuzzy F- space, clri(l — A) < 1 — clni(n) in (X,T1,T2)
and this implies that intti(A) > clti(pt) in (X,T1,T2). But intti(A) < clti(A) implies that clri(p) <
intti(A) < clti(A) in (X,T1,T2). Let & = intri(A). Then d is a pairwise fuzzy open set in (X,T1,T2)
such that clti(p) <8 <clrni(A) in (X,T1,T2).

Proposition 3.10: If A <p, where A is a pairwise fuzzy Fs-set and p(= 0) is a pairwise fuzzy
Gs -set in a pairwise fuzzy F'- space (X,T1,T2), then there exists a pairwise fuzzy closed set 1 in
(X,T1,T2) such that intri(A) <n < intri(p).

Proof.

Suppose that A < p, where A is a pairwise fuzzy Fs -set and p is a pairwise fuzzy
Gs -set in (X,T1,T2). Now, A <1 — (1 — p), where A and 1 — p are pairwise fuzzy Fs -setsin
(X,T1,T2). Since (X,T1,T2) is a pairwise fuzzy F - space, clri(A) < 1 — clti(l — p) and hence
clti(d) < intri(p) in (X,T1,T2). But intri(A) < clti(h) implies that intri(A) < clti(l) < intri(p)
in (X,T1,T2). Let n = clri(A). Thus n is a pairwise fuzzy closed set in (X,T1,T2). Such
that, intri(A) <n < intti(y).

Proposition 3.11: If A <1 — p, where A and p are pairwise fuzzy ¢ -boundary sets in a
pairwise fuzzy F'- space (X,T1,T2), then clri(d) <1 —clmi(n) in (X,T1,T2).

Proof.
Let A and p be any two pairwise fuzzy ¢ -boundary sets in (X,T1,T2) such that A <1 —

p. Now, by Theorem 2.2, A and p are pairwise fuzzy Fs -sets in (X,T1,T2). Since (X,T1,T2) is
pairwise fuzzy F- space, A < 1 —p implies that clri(A) < 1 —clti(u) in (X,T1,T2).

o

Proposition 3.12: If A < 1 — p, where A and p are pairwise fuzzy first category sets in
pairwise fuzzy globally disconnected and pairwise fuzzy F- space (X,T1,T2), then clri(A)
1 — clri(p) in (X,T1,T2).

N o

Proof.

Let A and p be pairwise fuzzy first category sets in a pairwise fuzzy globally
disconnected space (X,T1,T2). Then, by Theorem 2.3, A and p are pairwise fuzzy F, -sets in
(X,T1,T2). Also, since (X,T1,T2) is a pairwise fuzzy F- space, A < 1 — p implies that clmi(}) <
1 = clri(p) in (X,T1,T2).

Proposition 3.13: If (X,T1,T2) is a pairwise fuzzy F- space in which each pairwise fuzzy
open set is a pairwise fuzzy Fs - set, then for a fuzzy set A defined on X, there exists a pairwise
fuzzy regular open set o in (X,T1,T2) such that clmintti(A) <.

Proof.

Let (X,T1,T2) be a pairwise fuzzy F- space. Then, by Proposition 3.5, for a fuzzy set A
defined on X, clpintti(A) < intriclti(A), in (X,T1,T2). Since the interior of a pairwise fuzzy
closed set is a pairwise fuzzy regular open set in a pairwise fuzzy topological space, by
Theorem 2.4, intri[clti(\)] is a pairwise fuzzy regular open set in (X, T1,T2). Let 8 = intricli()).
Thus, there exists a pairwise fuzzy regular open set & in (X,T1,T2) such that clrintri(A) <39.

Proposition 3.14: If (X,T1,T2) is a pairwise fuzzy F- space in which pairwise fuzzy open sets

are pairwise fuzzy Fs - sets, then there exists a pairwise fuzzy regular closed set 1 and a pairwise
fuzzy regular open set 6 in (X,T1,T2) such that n <a.
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Proof.

Let (X,T1,T2) be a pairwise fuzzy F- space in which pairwise fuzzy open sets are
pairwise fuzzy Fs - sets. Then, by Proposition 3.5, for a fuzzy set A defined on X, clrintri(A)
< intriclti(A). Let m = clnintri(d) and 8 = intriclti(}d). Then, by T heorem 2.4, n is a
pairwise fuzzy regular closed set and 9 is a pairwise fuzzy regular open set in (X,T1,T2). Thus,
there exists a pairwise fuzzy regular closed set n and a pairwise fuzzy regular open set & in
(X,T1,T2) such that 1 <3.

4. CONCLUSION

In this paper, the concept of pairwise fuzzy F - Spaces is introduced and studied. Several
characterizations of pairwise fuzzy F-Spaces are established. Also finding the characterizations of
pairwise fuzzy F-Spaces in a pairwise fuzzy submaximal space, pairwise fuzzy globally disconnected
spaces are obtained.
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